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Exact kinetic propagators for coherent state complex Langevin simulations
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We introduce and benchmark an improved algorithm for complex Langevin simulations of bosonic coherent
state path integrals. Our approach utilizes a Strang splitting of the imaginary-time propagator rather than the
conventional linear-order Taylor expansion, allowing us to construct an action that incorporates higher-order
terms at negligible computational cost. The resulting algorithm enjoys guaranteed linear stability independent of
the imaginary-time discretization, enabling more resource-efficient simulations. We demonstrate this improved
performance for single-species bosons and for two-component bosons with Rashba spin-orbit coupling.
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I. INTRODUCTION

Numerical path-integral methods provide an exact ap-
proach for solving equilibrium quantum many-body prob-
lems, capturing the nontrivial interplay between quantum and
thermal fluctuations [1-4]. These methods have had remark-
able success at modeling interacting ensembles of bosons,
with notable examples being superfluid “He [5-9] and ul-
tracold atom Bose-Einstein condensates (BECs) coupled to
artificial gauge fields [10-13]. Path-integral methods rely
on a well-known mapping between a d-dimensional quan-
tum partition function, Z = Tr[exp(—ﬁI:I )], and a (d + 1)-
dimensional classical path integral [14]. While the mapping
is unambiguous in the continuum limit, numerical methods
require one to discretize the path integral in the imaginary-
time coordinate t € (0, 8). There are many choices of how
one constructs the discretized path integral; while all are
equivalent in the continuum limit, this choice can drasti-
cally change the accuracy and stability of numerical methods.
“Higher-order” discretized path integrals have been shown in
various cases to improve numerical simulations [15], but these
approaches require additional numerical resources. In this
work we provide a general means of constructing numerically
stable coherent state path integrals from bosonic quantum
Hamiltonians without demanding any additional resources.
Our method is complementary to higher-order constructions:
It can seamlessly be integrated into these approaches, but it
provides improved stability during complex Langevin sam-
pling even at linear order. We benchmark our method in two
experimentally relevant scenarios: the single-component Bose
gas and the two-component Bose gas with Rasbha spin-orbit
coupling.
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Neutral atom arrays and Bose-Einstein condensates form a
rich starting point for realizing various exotic states of mat-
ter, such as topological phases [16—19], supersolids [20-22],
and quantum Hall analog states [23]. These states are of-
ten theoretically understood in terms of simplified limits and
toy models, such as the Laughlin state and the toric code.
Experimental realizations, however, rarely look so simple.
Mean-field methods [24], which have had great success at
modeling weakly interacting BECs, introduce uncontrolled
approximations when applied to these interacting and strongly
correlated systems.

Numerical path-integral approaches, which treat quantum
and thermal fluctuations on the same footing, provide a path
towards numerically exact and experimentally realistic model-
ing of bosonic ensembles. One such technique, path-integral
Monte Carlo (PIMC) [25], uses Monte Carlo sampling over
the coordinate basis to compute averages over the full path
integral, requiring explicit exchange permutation sampling to
enforce Bose statistics. This method provided some of the
earliest successes in numerical path-integral techniques [5—7]
and has been used to study a wide range of strongly interacting
models in the continuum [8,9] and lattice [26,27] settings. The
PIMC method, however, suffers from the sign problem and
has generally been constrained to small system sizes of < 103
particles.

Coherent state (CS) field theories with complex Langevin
(CL) sampling [13,28,29] have emerged as a robust way to in-
terrogate large bosonic assemblies with moderate interactions,
regardless of whether a sign problem is present. Ultracold
boson systems with artificial gauge fields [30] often introduce
an explicit sign problem and constitute a natural application
for CSCL. Heretofore, CSCL has enabled finite-temperature
investigations of rotating BECs [10] and spin-orbit-coupled
BECs [11,12]. In the case of isotropic two-dimensional
“Rashba” spin-orbit coupling [30-32], the massive single-
particle degeneracy greatly enhances the role of fluctuations,
and CSCL has unveiled rich finite-temperature behavior with

©2026 American Physical Society


https://orcid.org/0000-0003-2035-452X
https://orcid.org/0000-0002-7813-432X
https://orcid.org/0000-0002-6716-9017
https://ror.org/02yt0vw44
https://ror.org/02t274463
https://ror.org/02t274463
https://ror.org/02t274463
https://ror.org/02t274463
https://crossmark.crossref.org/dialog/?doi=10.1103/p87t-vyc9&domain=pdf&date_stamp=2026-02-05
https://doi.org/10.1103/p87t-vyc9

KIELY, MCGARRIGLE, AND FREDRICKSON

PHYSICAL REVIEW A 113, 023310 (2026)

a prediction of a quantum microemulsion analog [11,33].
However, the applicability of CSCL is constrained by the
memory cost of storing the coherent state fields in the re-
solved (d + 1) space imaginary-time dimensions, where the
standard first-order accurate theory requires fine imaginary-
time discretizations to ensure convergent contributions to and
unbiased sampling of the partition function [28].

In this work, we introduce a superior algorithm for per-
forming CSCL simulations of continuum Bose fluids. Our
method consists of a judicious second-order splitting of the
imaginary-time propagator and utilizes the property that ex-
ponentials of quadratic operators, exp(Q), map coherent states
to coherent states. The resulting classical action incorporates
many higher-order terms at a negligible computational cost
and enjoys guaranteed linear numerical stability, indepen-
dent of the imaginary-time discretization. We demonstrate
the power and flexibility of this approach by applying it to
a one-component Bose gas and to a two-component, two-
dimensional Bose gas with Rasbha spin-orbit coupling.

II. PRELIMINARIES

Here, we utilize the complex Langevin method for sim-
ulating equilibrium coherent state path integrals. Coherent
state wave functions [34], which take the form |¢) =
exp[)_, d (@) (@)]|0) where ¥ () is the boson creation
operator in state o [35] and ¢(«) is a complex scalar field,
constitute an overcomplete basis and admit a resolution of the
identity. The equilibrium CS path integral is constructed by
inserting N; such identity operators into the partition func-
tion Z = Tr[e"m ], where A is a bosonic Hamiltonian and
B = 1/kgT. The partition function may then be rewritten as a
path integral over the complex-conjugate fields ¢; and ¢7,

Z= /D(¢*, P)e” T S, 1@)d(@)

N.—1

< [T @sle 2 15—, (1)

J=0

weighted by matrix elements of the imaginary-time propa-
gator. In the above we have defined an imaginary time step
A = B/N;, the periodic index j for distinct resolutions of the
identity (i.e., ¢n, = ¢p).

Numerical [13] and analytic [34,36] approaches to study-
ing the equilibrium path integral require a means of opti-
mizing or sampling the field variables ¢;(c). A systematic
approach for doing this is to rewrite the partition function
as Z = [D(¢*, ¢) e 519 in terms of an action functional
Slo*, ¢]. Given S[¢*, ¢], both mean-field solutions and exact
equilibrium thermodynamics can be accessed by the following
descent scheme [28,37]:

dpj(@) _ 8S[p. ¢"]

= ey T )
@) 8S[g. 91 |,
T e T @ 3)

where 1 and n* denote complex-conjugate noise sources with
zero mean and unit variance [13]. Omitting the noise consti-
tutes an imaginary-time relaxation algorithm to find t- (or

Jj-) independent saddle-point solutions. Including the noise
corresponds to a stochastic complex Langevin dynamics that
provides unbiased sampling of the coherent state theory. State-
of-the-art algorithms for integrating Eqs. (2) and (3) invoke
exponential time-differencing (ETD) schemes that can be
used to sample the stationary distribution o< e~ with accuracy
up to O(At?), where At is the Langevin time step.

Constructing S[¢*, ¢] frorp Eq. (1) requires one to evaluate
the matrix elements (¢; le=2H | ¢ i—1), which in most cases can
only be done approximately. The textbook approach [13,34] is
to Taylor expand to linear order in A. The expectation value
(DilH|pj—1) = (¢jlp;j—1)H[@%, $j—1] is trivial after normal
ordering the bosonic field operators. Resumming the result,
one finds

(@jle g1 = (@y1d;-)e S0 1 O(aY). @)

The action functional is then

N,—1
S[6*, ¢l =D Y ¢} (@)p;(@) — ;1 ()]
j=0 @
N—1
+A Y HIP ¢ 11+ O(A), 5)
j=0

where the overlap between coherent states has been inserted
in the form (¢;|¢;_1) = exp[d_, @7 (c)pj—1(cr)]. We note that
the familiar (real-space) form of Eq. (5) is obtained by replac-
inga - rand ), — [, dr.

III. IMPROVED ALGORITHM

The innovation in this work is the use of a more so-
phisticated approximation for evaluating the imaginary-time
propagator. The resulting algorithm is still strictly linear order
in A, but incorporates higher-order terms and exhibits fa-
vorable numerical stability properties for Langevin sampling.
Our strategy starts from a second-order Strang splitting of the
imaginary-time propagator e~AH = ¢=AHi/2g= MM g=AH0/2 4
O(A?), where we have separated the Hamiltonian into two
terms H = Hy + H,. While this decomposition is generic, in
the present case we require that (1) Hy is quadratic in the
bosonic creation and annihilation operators and (2) the mini-
mum eigenvalue of H is zero. Provided the spectrum is lower
bounded, the latter condition can always be fixed by adding
and subtracting quadratic terms from Hy and H,, respectively.
Henceforth, we will suggestively refer to Hy as the kinetic
term in the Hamiltonian and H, as the interaction term.

Provided thatAI-?O sati§ﬁes gondition (1), we may exactly
rewrite (¢;|e”A0/2e=AMig=AM/2|¢. ) as the expectation
value of the interacting propagator <¢}|€_AH' |¢}71), with re-
spect to transformed wave functions |¢)_|) = e”*"/2|¢; ;).
Importantly, the states |¢}) are still coherent states. Thus,
this approach requires minimal alterations to existing CSCL
implementations.

It is most straightforward to construct the transformed
wave functions in the eigenbasis of Hy. In second-
quantized notation, we define Hy = > 6)\1/7*()»)1/}()»). One
may freely rewrite the coherent-state wave function in
this basis, exp[) d)YT )10, using the unitary matrix
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UJ, = (01§ (@) (2)]0) (see Appendix A). The transformed
wave function is then given by [38,39]

|¢') = exp (Z eA“/Zcp(A)lﬁ"'(A)) 10). 6)
A

(@'l = (O exp (Z e‘“~/2¢*<x>1/?(x>>. (7
A

Henceforth, we will refer to the transformed fields them-
selves, which are defined in the diagonal basis as ¢'(1) =
e~2/2¢ (1) but may be subsequently transformed into other
bases throughout the calculation. A

We evaluate the resulting matrix element (¢e~ " 9% 1),
using the conventional linear-order Taylor expansion, but now
with respect to the transformed CS wave functions:

(@il Ml ) = (@hlg)_ e M@ 4 o(A%). (8)

The resulting action functional,

No—1

DO PN — e A9 (M)

j=0 A

Si¢*, ¢ =

N —1

+A Y HI@] ¢;-1)], ©)

Jj=0

is accurate to linear order in A, like Eq. (5), but incorporates
many higher-order terms without introducing significant al-
gorithmic costs. For example, Eq. (9) is exact to all orders
in A if A; =0, with an example calculation shown in the
Appendix A where observables are independent of the A. We
emphasize that H; is a functional of the transformed fields,
so functional derivatives of this term in the action [as appear
in Egs. (2) and (3)] will include a Jacobian factor, with an
example detailed in the Appendix B.

This exact treatment of the kinetic term has important
implications for the stability of the Langevin dynamics. The
quadratic term in the action contributes a term ) ;A ;¢ to
the equation of motion for ¢; [see Eq. (2) and similar for
¢; < ¢71. Linear stability of the algorithm is determined
by the signs of the eigenvalues of A. For the improved ac-
tion functional in Eq. (9), the algorithm is linearly stable if
Re[l & e72%] > 0 V A. Thus, the algorithm enjoys absolute
linear stability if Hy has a positive-(semi)definite spectrum
[see condition (2) above]. By contrast, the action functional
in Eq. (5) requires Re[l £ (1 — A¢;)] > 0 V A, and hence
is only stable for sufficiently small A = §/N;. Stability in
the original approach then requires more N, discretization,
making the method more resource intensive as the required
memory to store the CS fields and computation time per CL
step increases. This stability constraint is exacerbated when
using a fine spatial grid to model translationally invariant
systems, as this requires the incorporation of large-momentum
(high-energy) modes.

In order to compute observables (O(r)), one introduces an
additional term to the Hamiltonian H; = —B~! [ drJ(r)O(r).
This endows the partition function Z[J] with a depen-
dence on the source fields, J(r). The expectation value is

obtained as (O(r)) = §1n Z[J1/8J ()| ;4y—0- In practical
CSCL simulation, this procedure yields an analytic expression
for a functional O[¢, ¢*] whose average with respect to the CS
path integral is (O(r)) [13]. As we show in the Appendix C,
the functionals for computing observable expectation values
in this manner retain the same form as in the primitive method,
but with respect to the transformed fields rather than the bare

fields: O[¢, ¢*] = O[(¢, ¢*)'].

IV. RESULTS

To benchmark the performance of Eq. (9), we first consider
a two-dimensional (2D) mteractmg Bose gas. The Hamilto-
nian may be written as HO + H, with

N R? .
Hy = fdrw'm(—%vz)w(r), (10)

A 1 A As AL
= E/dr/ dr' T ey ue — Py g ), (1)

where in our grand canonical formulation, we include the
chemical potential contribution in H, — H, — /LN . Here ﬁo
is diagonalized with a Fourier transform, so our diagonal
basis is A = k with eigenvalues € (k) = /i*k?/2m. Through-
out this work we consider a delta-function pseudopotential
u(r —r’) = g8(r —r’), a good approximation for s-wave col-
lisions between ultracold atoms, where the strength g is
directly related to the s-wave scattering length a; via g3p =
4 *as/m [24]. We emphasize that our technique applies
equally well to long-range interactions. We present the re-
sults in dimensionless form, rescaled by the healing length
¢ = (h*/2mp)"/* and chemical potential w such that B =
B constitutes a dimensionless inverse temperature. For both
examples below, we use two-dimensional simulations that
assume a quasi-2D environment with axial length scale £, =
Jh/mw, with @, an axial harmonic trapping frequency.
As such, an effective two-dimensional repulsive coupling
constant is determined by gip = g3p/~/27¢., leading to a
dimensionless constant gop = 2mgop/ i*. We perform simu-
lations in periodic cells with rescaled sizes L, = L, /£ in each
direction v = x, y.

In Fig. 1 we show the results of a CSCL simulation of
the 2D Bose gas using our approach (in gold) as well as
the “primitive” first-order approach [Eq. (5), in maroon] for
various N; and B = 0.5, gop = 0.0165. We find that the prim-
itive approach requires N; > 72 to achieve numerical stability.
Our approach, by contrast, is numerically stable down to the
smallest N; sampled here (N, = 4). The two methods show
excellent agreement at large N,, with our approach maintain-
ing accuracy within 0.2% for the particle number out to very
coarse imaginary-time resolutions (small N;). The small nu-
merical difference in canonical internal energy U — uN and
the grand free energy 2 in Fig. 1 highlights the low entropy
per particle in the superfluid phase with quasi-long-range
order.

We now consider a nontrivial example with an explicit sign
problem: a two-component, two-dimensional Bose fluid with
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FIG. 1. Demonstration of N, convergence on a single-
component, two-dimensional Bose gas with contact interactions
2 =0.0165 at T = p~! =2.0. Convergence plots for the (a)
particle number as well as the (b) intensive canonical internal energy
(filled markers) and grand free energy (open markers), showing the
standard first-order “primitive” treatment with maroon diamonds
and the exact one-body propagator method introduced in this work
with gold squares. At lower N;, the missing primitive data are due to
numerical instabilities where data cannot be collected. Simulations
used the ETD algorithm with Az = 0.005 and were conducted in a
square cell with side length L = 9.19 with N, = 36 plane waves in
each direction.

Rashba spin-orbit coupling. The Hamiltonian is

A 1 A A
Hy= -3 / dr il () BayihV — Ay Vi, (), (12)
ay
H = Z‘% / dr gl g g, ), (13)
ay

where «, y are spin indices and g, = gop[dayy + n(1 — 84y )]
is a symmetric spin-dependent contact interaction strength,
where n > 1 (< 1) denotes immiscible (miscible) conditions
between the two components. The vector potential is given
by A, = lic(o;, % + 04, 9) where o, are matrix elements
of the Pauli vectors in spin space (a = x, Y, 7). The kinetic
term H, has two bands with eigenvalues €4 (k) = (k% £
2k |k|)/2m. Following Ref. [11], we report our results in
a dimensionless form defined by the characteristic energy
et = i — A2k?/m and healing length £ = (i /2mpe) /2.

—¥— Primitive
5800k (a) —$— Exact 1-body propagator
5700
1) e SR
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(b)

6.5

—&— PU-puN)/V, Exact 1-body propagator
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Energy —&— pQ/V, Exact 1-body propagator

—6.7 F—¥— AV, Primitive

FIG. 2. Demonstration of N, convergence on a two-component,
two-dimensional Rashba spin-orbit-coupled Bose gas in the stripe
phase with contact interactions gp = 0.1 at T = B~' = 1.0 in im-
miscible conditions (7 = 1.1). Convergence plots for the (a) particle
number as well as the (b) intensive canonical internal energy (filled
markers) and grand free energy (open markers), showing the stan-
dard first-order “primitive” treatment with maroon triangles and the
exact one-body propagator method with gold circles. At lower N,
we note missing primitive data due to numerical instabilities where
data cannot be collected. Simulations used the ETD algorithm with
At = 0.01 and were conducted in a square cell with side length
L = 107 with N, = 56 plane waves in each direction.

This procedure yields a dimensionless SOC strength & = «¢£.
See the Appendix B for more details on our implementation.

Our approach requires us to work in the eigenbasis of Hy.
We furthermore must shift A such that it is positive definite;
this is achieved by an unbiased shift Hy — Hy + ,LL’N ,H —
H, — /N so that H = Hy + H; remains unchanged. As such,
we set i/ = ming e_ (k) = k2.

In Fig. 2 we show the results of CSCL simulations of the
2D Rashba spin-orbit-coupled Bose gas, contrasting our ap-
proach (in gold) with the primitive propagator (in maroon) for
various N;. Here the system is in a superfluid stripe phase with
smectic spin order [11]. We find that the primitive approach
becomes unstable for N; < 35, while again this approach re-
mains stable down to remarkably coarse imaginary-time grids
(N; = 4). We observe good convergence for this method as
N, increases, noting that the observable estimates at small N,

023310-4



EXACT KINETIC PROPAGATORS FOR COHERENT STATE ...

PHYSICAL REVIEW A 113, 023310 (2026)

show less than 1% deviation from the large-N; value. In Fig.
2(b), the primitive estimate of the internal energy converges
more slowly than our approach.

V. DISCUSSION

The demonstrations in Figs. 1 and 2 represent a significant
improvement in method efficiency. With the simple change
proposed here, the same thermodynamic results are obtained
with significantly reduced computational cost. The reduction
in required N; leads to appreciable savings in both memory
and in computation time per CL step. In bypassing the linear
stability requirement from the primitive method, the propaga-
tor treatment permits high-resolution simulations of bosonic
matter down to very low temperatures.

The case of Rashba SOC presents an example where diago-
nalizing during the path-integral procedure leads to efficiency
improvements when conducting Langevin sampling down-
stream. Since the Langvin SOC drift terms are diagonal in the
dressed-state basis, ETD algorithms are efficient and integrate
the SOC terms to all orders in At. The improved accuracy and
stability of this approach could enable efficient simulations
of strongly spin-orbit-coupled bosons (x >> 1), where rich
phenomena are speculated [40,41].

As noted earlier, resolution in the imaginary-time direc-
tion is not only important for low-temperature calculations.
The stability requirement for a standard Trotterization of the
kinetic term can also be saturated at fixed temperature by
increasing the spatial resolution and hence the sampling of
high-momentum modes. A similar feature emerges when sim-
ulating Bose fluids in an optical trap, which is necessary for
precise correspondence with ultracold atom experiments. The
guaranteed linear stability of the present algorithm is therefore
of significant practical value in virtually every CSCL simula-
tion.

VI. CONCLUSION

We conclude by emphasizing that the approach outlined
here is complementary to many other techniques for taming
numerical path integrals. Our approach can be used in higher-
order decompositions [15,42] of e~ wherever one seeks to
apply a quadratic operator to a coherent state. Furthermore,
our treatment of quadratic propagators may enable a more
robust incorporation of quadratic constraints, such as fixed
particle number in the canonical ensemble [43], by performing
the projections within the path integral.

Boson models with strong interactions still present a
formidable challenge for CSCL approaches with our im-
proved propagator method. Strong pairwise interactions
produce frequent nonlinear numerical instabilities that result
in method failure. However, a potential path forward would
first decouple the quartic interaction via auxiliary fields from a
Hubbard-Stratonovich transformation, and then proceed with
Strang splitting and our quadratic propagator procedure. The
resulting hybrid coherent state, auxiliary field theory, would
be second order accurate and may exhibit superior numerical
stability when sampling strongly interacting boson models.
Finally, we note that this approach is not limited to decom-
positions of imaginary-time propagators, and indeed can be

readily applied to real-time contours in order to simulate quan-
tum many-body dynamics (via Keldysh contours) [13,44] or
classical many-body dynamics in the Doi-Peliti coherent-state
representation [45—47].
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APPENDIX A: QUADRATIC PROPAGATION OF
COHERENT STATE WAVE FUNCTION

Here we show that e~2f/ 2|¢), where Hy is a quadratic
(bosonic) Hamiltonian and |¢) is a coherent state, may be
expressed as another coherent state |¢’), with transformed
complex field variables. We start by defining the single-
particle eigenbasis of Hy: Holr) = €, |1) with |1) = a, 10).
This defines a unitary matrix U;A = («|A) that diagonalizes
the single-particle Hamiltonian. We then rewrite |¢) in the
eigenbasis of Hy: exp[)_, ¢(1)a,]|0). Note that this change
of basis does not alter the form of the coherent state wave
function:

@il = Y s LU a, (A
o a,k. ,)»2
= > 018, 1,4], (A2)
AlsA2
= o0 (A3)
r

The transformed state is defined as
) = e~ 22 exp (Z ¢<A>ai> 10). (A4)

A

We now use the condition of a trivial vacuum state,
e A/210) = |0), to insert an inverse kinetic propagator in
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FIG. 3. Imaginary-time dependence of ideal Bose gas simulations. Ensemble-averaged (a) particle number and (b) internal energy as
a function of imaginary-time discretization N, for the primitive method (red diamonds) and the exact propagator method (blue squares)
introduced in this paper. The black solid line denotes the exact thermodynamic reference for the ideal Bose gas, computed using a sum
over wave-vector basis states with sufficient momentum cutoff. Data from the primitive data below N; = 80 are not shown due to numerical
instability, which prevents meaningful data collection. Simulations consisted of a two-dimensional ensemble of noninteracting bosons with
gp=0,¢= \/hz/Zmlul =429, u=-033K,8=0.50K"!, L, /¢ = L,/t =11.67, and N, = N, = 80 grid points in each direction. The
exponential-time-differencing (ETD) numerical algorithm was used with a Langevin step discretization Ar = 0.0033. Error bars depict

standard errors of the mean, determined during sample averaging.
front of the vacuum state:
) = e 2/ exp (Z ¢(A)ai>e”0/2|0>. (AS)
2

+AHy/2

We may pull the factors of e into the exponential:

|¢') = exp (e“?"/2 Z¢(A>aie“7°/2) 0).  (A6)
A

Finally, using the second-quantized form Hy = >, €, the
propagators may be commuted through the sum to find

|¢) = exp (Z eA“/qu(x)a;) 10).

A

(AT)

Thus, we have shown that |¢’) is a coherent state wave func-
tion that is related to |¢) by a transformation of the complex
field variables in the eigenbasis of Ho: (N = e 29 2¢(M).
Following these same steps, it is straightforward to derive that
(¢ple~2H0/2 = (¢'] is a coherent state defined by the transfor-
mation [¢*(L)] = e~ 24/2¢p*(1).

The case of noninteracting bosons provides a useful bench-
mark that highlights the efficacy of this approach. In the
noninteracting limit (g = 0), no Strang splitting error is in-
curred nor is Trotterization required, as the kinetic propagator
e PHo can be applied exactly to all orders in B using the
kinetic-propagated basis |¢’). As a result, the ideal gas par-
tition function is obtained after performing Gaussian integrals
over the coherent-state amplitudes without invoking the usual
N, — oo limit [34]. As a result, simulations of noninteracting

bosons show no N; dependence in their observables, under-
scoring the exactness of our approach.

Shown in Fig. 3, the particle number and internal en-
ergy observables are independent of the imaginary-time
discretization and enjoy absolute numerical stability. We
readily compare results for noninteracting bosons with known
thermodynamic references, which are computed by an explicit
summation over wave-vector states:

Z 1
Blek—p) — 1°
" eP €k 1
Z -
Blex—n) — 1°
. erik 1

where e, = i?k?/2m is the continuum kinetic dispersion and
a suitably large momentum cutoff is chosen such that the
sum converges. The thermodynamic results of Eqs. (A8) are
derived from the partition function and are valid in any spatial
dimensionality. The agreement of both methods with the an-
alytical reference serves to simultaneously validate our exact
propagator method while highlighting its favorable numerical
stability and accuracy properties.

(V)

(U) (A8)

APPENDIX B: EXTENSION TO PSEUDOSPIN-%
COHERENT STATES WITH RASHBA
SPIN-ORBIT COUPLING

Here we detail the applicability of our approach to
multicomponent systems with a nontrivial one-body spec-
tra. Using two-photon Raman transitions coupled with a
biasing magnetic field, it is possible to create a system
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pseudospin—% bosons from a S =1 boson system [49].
Furthermore, with additional Raman lasers [19,50], it is pos-
sible to imbue the system with a two-dimensional isotropic
“Rashba” spin-orbit coupling. The Rashba coupling consti-
tutes a fascinating case of great fundamental interest due to
the massive single-particle degeneracy of the Rashba Hamil-
tonian. Here, a degenerate ring of states appears with radius
|k| = «, with « taken as the spin-orbit-coupling strength. The
SOC Hamiltonian can be expressed in a compact vectorized
form

Hsoc = /dzr xiﬁ[l(pg - A)Z}\if, (B1)
2m "=

where U = (lﬁT(r), lﬁl(l‘))T is a two-component vector of

second-quantized field operators satisfying Bose commuta-

tion relations [34].

After rescaling by the healing length as in Ref. [11]
and incorporating the necessary chemical potential shift u’
to ensure a positive-definite spectrum, the resulting rank-2
Rashba Hamiltonian matrix can be written as Hsoc [ Ueft =
Dk @;Kk\i/k. The one-body matrix Ky has diagonal ele-
ments K,, = k®>+ ' for both o =71, | and off-diagonal
elements KTi = —2K|k|e_i9k and KlT = K;FL, with 6 =
arctan(k,/k.). This can be diagonalized by a unitary trans-
formation U to yield Dy = UkKkUlj , where D is a diagonal
matrix with entries Doy = E4 (k) and Dy = E_(K). The uni-
tary transformation involves eigenvectors Uy = [v4 k, V— k],
which are defined vy =27"2(1, —exp(f))’ and v_j =
2-12(1, exp(6x))”. The eigenvalue spectrum is E. (k)=
k? & 2« |k| 4+ u'. Thus, the Hamiltonian is easily reexpressed
a Hsoc/ier = Y ¥y Dk ¥k, where we have switched to a
diagonal “dressed-state” field operator basis: Uy = Uk\ilk and
\Ill: = @EUJ. Instead of pseudospin states, the field operator
components represent helicity states |+; k) that correspond
with the bands E. (k).

When building the coherent-state path integral for Rashba
bosons, the unitary transformation U yields dressed coherent-
state vectors &Sk = Ux¢x and (;S*k = ()BZLUkT with no change
in the functional integration measure, identity pesolution,
or coherent-state amplitudes: |¢;) = exp(Q_, I;L¢k)|0) =
exp(Yy Uy Ukhi)10) = exp(Yy Bydy)l0). We apply  the
Strang splitting for the propagator in each matrix element
(@jle219;-1) = (¢;le™ Ao e Mlmembhoc2lg; )
O(A?) and then evaluate the SOC propagator on the the
coherent state exactly:

e*Al';'soc/2 |¢J) — e*A/ZZk ) Dy Uy |¢j>

— A2 DB Y by |0)

= exp ( Z I;Le_AD"/Zak> |0)
k
=|¢))

where we have safely leveraged the previous insights since
the dressed bosons obey the usual commutation relations
'[ba/,k,b}‘,,’k,] = Sk, With o’ denoting a dressed-state
index.

Therefore, we can proceed, but care must be taken with
the interaction Hamiltonian, which is composed of density-
density interactions written in the pseudospin basis:

—AA —AH;,
(@le 2 1g;1) = (glle2migl_). (B2)
In the usual first-order Taylor expansion, we encounter terms
where operators in the pseudospin basis must be evaluated
with dressed coherent states, such as (¢}|b7 bl b, ba|¢)_,). We
evaluate them as such:

bax |8)) =Y (Uay by x 16)) (B3)
”

= Uay®y i 197) (B4)
”

= Goix19}) . (BS)

where we have defined a coherent-state amplitude in the pseu-
dospin basis that has been propagated forward with the kinetic
energy operator.

Now, we show that the field operator in the pseudospin
basis acting on |¢’) yields the following:

Va(0)[¢)) = > Ya(Oba 19) (B6)
k

#(x) = F L [U (e ¢)]

= F JUL (e 2P Uk Feskl; ()], (BS)

(B7)

where in practice we would compute this propagated pseu-
dospin coherent state via the following procedure:

¢ (r) = F LU (e 2™ ¢)] (B9)

= Fil [U (e 2P PUT okl (0D] (B10)
with F (F~!) denoting the Fourier transform in the forward
(backward) direction, with the following convention for a
function f(r): Frmk[f]1 = & [ dr exp(—ik - r)f(r).

Collecting all factors, we arrive at a partition function
Z = [D(é,¢" ¢~S1#9"] with the discrete imaginary-time
action for the Rashba boson system S[@, $'] = So[¢, o1+
Sinel (@, ¢7)'1:

N:—1

Sold, 1= $4[d;x — e ;1] (BID)
k j=0

=
Sl @81 =5 2 [ a3 g0 000
j=0 ay

x @), ()¢, () (B12)
which is studied in the main text.

As discussed in the main text, it is advantageous to conduct
CL in the diagonalized basis. Since the unitary transforma-
tion does not modify the functional integral measure, we can
prescribe the same off-diagonal descent Langevin scheme for
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coherent states in the dressed basis:

0 85($. 9*]

o 8t R 19
0% 5S[.9*1 |

or 5 T B9

where 7;, and nj.k are diagonal, complex-conjugate
noise vectors which are constructed in real space with
two independent real noise source fields: 7, ;(r,t) =

Mgy (0, 1) + ing (e, 1) and g (v, 1) = mg (e, 1) — iny (x, 1),
where the real and imaginary parts are generated indepen-
dently with the following statistics: (i} ;(r, )} ,(x',1")) =
8, /84 884,y 8(r — ¥)S(t —1'). '

Importantly, the interaction part of the action is a function
of propagated fields in the pseudospin basis, so we provide
clarification on how to obtain the correct expressions for the
thermodynamic forces required for Langevin sampling. For
the ¢ CL equation, the functional derivatives for the Si, por-
tion of the action are determined by carefully including the
appropriate Jacobian factors and transformations:

5Sul(@. 61 _ _spe (asim[(qs, ¢*)/])
56" 5($* 1)

= gADk/2<5(¢*k)’> 8Sinc[ (¢, 9*)']
5(9*) 8(P* k)

NN, <5Sim[(¢» [ Y])

8(d* k)
8Sintl(p, ")
_ o onng g, | PSml@. 81T
5¢ ;(r)
where we have used the Jacobian Uy for the dressed-state
transformation. For the force on ¢*, we find the following:

SSml(@ )1 _ _anypr (ssimw, ¢*)]
59, 5(9;.)

_ e_ADk/z (SSint[(¢7 ¢*)/] (8(¢k)/>
8(o;x) 5(ehi)
_ 8Sint[(¢v ¢*),]
A VEY el LSS SR SVEN Foa)
‘ ( 5(91) ) K
_ 8Sint[(¢7 ¢*)/] t —ADy/2
= r—>k|: 8¢]—(l‘)/ j|Uk€ .

From here, the usual expressions for the functional derivative
of the interacting portion of the action from Refs. [13,28] may
be used.

APPENDIX C: ESTIMATION OF OBSERVABLES

Under the exact quadratic propagator treatment, computing
observables during Langevin sampling requires a modified
procedure. A central finding of this work is that observables
should be computed using the propagated coherent state fields

(¢, ¢*) with the functionals derived previously in the primi-
tive first-order approach [13]. In other words, the functionals
from the primitive approach are reused with the substitution
(¢, ¢*) — (¢, ¢*), enabling straightforward implementation
in existing software. Below we discuss the supporting argu-
ments for this conclusion.

For a local observable O(r), the procedure for developing
an estimator functional of the coherent state fields O[qb, ¢*;r]
involves augmenting the Hamiltonian with an infinitesimal
source field J(r) conjugate to the observable, so that H —
H + Hy with H; = —~! [dr J(r)O(r) [13]. When retrac-
ing the steps to derive the field theory, one could choose
to incorporate this source Hamiltonian with the interaction
portion, leading to the matrix elements (¢ |e*"me™ 4 ;1)
to compute. Evaluating via a first-order Taylor expansion, we
find that the operator functional would be evaluated using co-
herent state fields in the propagated basis, e.g., O[(¢, ¢*)] =
Ol[(¢, *)']. For example, a one-body observable O is written
using second-quantized operators O = [dr vim)Oom)y(r)
[35] and can be directly evaluated via this first-order ac-
curate procedure. For instance, the density operator p(r) =
¥ (r)y (r) leads to the density operator expression

L2V _ o1, g7, (&)
Z3J(r) |,
1 N;—1
Plo. 9" vl = - D S®P ). (€2
T ]:O

Spatial integration of this density functional recovers the ex-
pression for the total particle number from the main text, i.e.,
Ni¢, ¢*] = f dr pl¢, ¢*;r], which is additionally verifiable
by taking —g—‘j. This result implies that for a general operator
that can be derived in this form, using an infinitesimal source
field J(r), the operator can be computed using the same ex-
pressions as before using the propagated coherent state fields
instead. We emphasize that we additionally observe excellent
accuracy at modest imaginary-time discretizations for more
complex observables, such as the superfluid density, pressure,
and density structure factor.

APPENDIX D: COMPARISON TO MEAN-FIELD THEORY

Although both examples in our study are qualitatively
in the mean-field regime with a high condensate fraction,
both stochastic methods considered here are beyond mean
field in nature, capturing the impact of fluctuations on ob-
servables. Both the “primitive” propagator approach and our
exact “quadratic propagator” method provide exact estimates
of observables’ expectation values and include both quan-
tum and thermal fluctuations [13]. A Gross-Pitaevski [24] or
mean-field approach assumes one dominant configuration in
the partition function, such that the BEC is governed by a
semiclassical energy functional of the BEC macroscopic wave
function. In Fig. 4, we plot the estimate of each observable via
mean-field theory, which assumes a fully condensed system at
zero temperature. Thermodynamically, mean-field theory as-
sumes the following relationship between the internal energy
and the grand free energy: (U) — u(N) = (2). Both Figs.
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5160 (a) ---- Mean field theory
—¥— Primitive
5150 —— Exact 1-body propagator
5140
< N > 5130
<ol W,:WWM
S5110F
5100
5090
_150 W
(b)
—15.1r —H— pQ/v, Exact 1-body propagator
Intensive | ___—¢—_pQ/y. Primitive
Energy —— AU-uNYV, Primitive
—152F -~ Mean field theory
-153

(C) ---- Mean field theory
| —¥— Primitive
3800 —$— Exact 1-body propagator
5700
(N1) ’Mm
5600 F
5500
5400
—6.4F
(d)
—6.5F
[~ ~===""pyV, EXact I-body propagator ]
Intensive 00— o, Primitive
Energy —¥— B(U—uN)/V, Primitive
—6.7F ---- Mean field theory

FIG. 4. Comparison of the results from the main text with mean-field theory references for both the (a), (b) single-component homogeneous
Bose gas and the (c), (d) Rashba spin-orbit-coupled Bose gas in the stripe phase. The mean-field reference for the corresponding observables

is plotted in the black dashed line in all cases.

4(b) and 4(d) show that this equality is violated, as expected at
nonzero temperature. Beyond the scope of this study, however,

would be a comparison of the mean-field results witha 7 = 0
ground-state method that includes quantum fluctuations.
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