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A quantum quasicrystal was proposed to exist by mean-field, variational arguments in two-dimensional
Rashba spin-orbit coupled BECs with dipolar interactions. Despite this remarkable prediction, there is little
known about the superfluid character or stability of this quasicrystalline state against thermal and quantum
fluctuations, whose importance is implied by the massive single-particle degeneracy of the Rashba
Hamiltonian. Here, we apply field-theoretic numerical simulations based on a boson coherent state path
integral representation to simulate the finite-temperature behavior of a periodic approximant of an octagonal
quasicrystal. We find that the quasicrystal state maintains a 50% superfluid fraction down to low
temperature, suggesting supersolid character. We compute a phase diagram that depicts a region of
thermodynamic stability for the octagonal quasicrystal phase at low temperature. At intermediate
temperature, the quasicrystal undergoes a first-order transition into a crystalline BEC with hexagonal
symmetry. Our findings support a possible experimental realization of the octagonal quasicrystal in 164Dy
quantum gases below a temperature of 75 nK.
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Introduction—Quasicrystals are ordered systems with
long-range orientational correlations, yet they lack the
periodic character and discrete translational invariance of
genuine crystals [1,2]. The existence of quasicrystals was
controversial until their discovery was confirmed by the
simultaneous observation of Bragg peaks as well as rota-
tional symmetries that forbid periodic order (e.g., fivefold,
eightfold, tenfold). Since the first discovery of an icosahe-
dral quasicrystal in AlMn alloys [3], quasicrystals have been
observed in many classical systems via self-assembly or
external driving mechanisms. In soft matter, there are
numerous examples in block polymers [4–7] as well as
dendrimer micelles [8] and colloids [9]. Quasicrystals have
garnered significant attention due their unconventional
properties such as low friction and poor conductivity
[10], as well as their rich physics, which includes phason
excitations and the possibility of topologically distinct
variants [11,12].
Quantum quasicrystals are many-body quantum states

that display quasicrystalline order. They have been argued
to have richer properties, such as additional phason exci-
tations, than their classical counterparts. In bosonic matter,
superfluidity and long-range coherence are argued to occur
simultaneously with quasicrystalline order, constituting a
new type of supersolid [13–17]. Furthermore, recent

ultracold quantum gas experiments have used quasicrystal-
line optical lattice potentials to study localization and
disorder effects [18–20]. Nonetheless, experimental obser-
vations of a bulk quantum quasicrystal are lacking.
From a theoretical perspective, the understanding of

quantum quasicrystals is limited to information gleaned
from phenomenological treatments [14,16] or mean-field
analyses [13,15]. Here, we investigate a scenario where a
quasicrystalline phase emerges naturally in the bulk of a
quantum gas system with a realistic dipolar pair potential.
Quantum gas experiments provide avenues for realizing
physics that elude condensed matter systems, such as
pseudospin-1=2 bosons with spin-orbit coupling [21,22].
For particles imbued with a two-dimensional isotropic
“Rashba” spin-orbit coupling (SOC) with wave vector κ,
the single-particle energy EðkÞ is minimized on a con-
tinuous circle of plane-wave states at wave vectors jkj ¼ κ
[23–27]. In the case of Bose-Einstein particle statistics,
this massive single-particle degeneracy of the Rashba
Hamiltonian facilitates Bose-Einstein condensation at
multiple wave vectors on the circle, leading to states with
broken translation invariance such as stripe phases
[23,28,29]. Furthermore, the two-dimensional dipolar
interaction is attractive for high-momentum states and
thus further promotes condensation into several distinct
wave vector states. As a result, a BEC with quasicrystalline
order could emerge for strong Rashba SOC with signifi-
cant dipolar interactions [13].*Contact author: ghf@ucsb.edu
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In this Letter, we investigate an octagonal quantum
quasicrystal phase at finite temperature in Rashba spin-orbit
coupled, dipolar BECs. Using complex Langevin sampling
of the corresponding coherent state field theory, our simu-
lations provide unbiased thermodynamics and include the
full spectrum of quantum and thermal fluctuations despite
the presence of a sign problem in the Rashba Hamiltonian.
Simulated structure factors of the model at low temperature
confirm the quasicrystalline nature of the octagonal phase
and reveal additional ringlike density correlations via
collective excitations. Because of their broken translational
symmetry, we observe a significant reduction in super-
fluidity at low temperature in both the crystalline and
quasicrystalline phases, with an overall superfluid fraction
of ∼50%. As such, our results suggest that the octagonal
quasicrystal BEC constitutes a type of supersolid. Lastly, we
study the melting behavior of the quasicrystal and other
crystalline BEC states, finding a first-order transition from
octagonal quasicrystal (QC) to hexagonal BEC. At a higher
critical temperature, our simulations reveal the simultaneous
loss of superfluid order, Bose-Einstein (quasi)condensation,
and quasi-long-range orientational order.
Methods—Our statistical mechanical treatment begins

with a second-quantized Hamiltonian Ĥ ¼ ĤSOC þ Ĥint
describing bosons with SOC as well as short-ranged
contact and long-ranged dipolar interactions in two dimen-
sions,

ĤSOC ¼
Z

d2rΨ̂†
�
1

2m
ðp̂ I¼−AÞ2

�
Ψ̂; ð1Þ

Ĥint ¼
A2

2

X
αγ

X
k

ρ̂α;k;ηαγuðkÞρ̂γ;−k; ð2Þ

where Ψ̂ ¼ ½ψ̂↑ðrÞ; ψ̂↓ðrÞ�T is a two-component vector of
second-quantized Bose field operators in the pseudospin-
1=2 basis [30], A ¼ LxLy is the area of the bulk gas in a cell
with dimensionality Lx × Ly, and ρ̂α;k ¼ ψ̂†

α;kψ̂α;k is a
microscopic density operator for pseudospin α with
Fourier component labeled by wave vector k, where kν ¼
2πmν=Lν is the ν th component and mν ∈Z. The vector
potential A ¼ ℏκðσ

¼
x; σ

¼
yÞ prescribes Rashba SOC with

strength κ and admits a circle of single-particle energy
minima at jkj ¼ κ. ηαγ parametrizes the miscibility of
pseudospins; however, we work in the regime of spin-
independent interactions ηαγ ¼ 1, which may correspond
with high-spin states of 164Dy [13], finding that minor
variations away from ηαγ ¼ 1 do not qualitatively change
our results.
Atoms or molecules with permanent dipoles oriented in

the axial (ẑ) direction lead to an effective two-dimensional
interaction potential uðkÞ ¼ u0½1 − Rjkjdzwðjkjdz=

ffiffiffi
2

p Þ�
with wðxÞ ¼ erfcðxÞex2 and dz ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=mωz

p
the length scale

set by strong axial (ẑ) harmonic confinement [31–33]. The
behavior of uðkÞ is characterized by two parameters: (1) an
overall strength u0 ≡ g3Dð1þ 2ϵddÞ=ð

ffiffiffiffiffiffi
2π

p
dzÞ, where

g3D ¼ 4πℏ2as=m with s-wave scattering length as; and
(2) a dipolar parameter R ¼ ð3=2Þ ffiffiffiffiffiffiffiffi

π=2
p ½1þ ð2εddÞ−1�−1 in

which εdd ≡ Cd=3g3D characterizes the strength of dipolar
interactions relative to contact interactions, where Cd ¼
μ2Dμ0 (Cd ¼ d2e=ϵ0) for magnetic (electric) dipoles with
moment μD (de) [32].
The case of R >

ffiffiffiffiffiffiffiffi
π=2

p ≡ R� corresponds to dominant
dipolar interactions where attractive scattering processes
become important. To investigate the model’s universal
behavior, we rescale all wave vectors, spatial coordinates,
and fields by the BEC healing length l ¼ ðℏ2=2mμeffÞ1=2
[32], which yields a dimensionless Hamiltonian Ĥ ¼ Ĥ=μeff
with effective chemical potential μeff ≡ μ − ℏ2κ2=m. Our
scaling choice yields a set of governing dimensionless
parameters: κ̄ ¼ κl, ḡ ¼ u02m=ℏ2, dz ¼ dz=l.
For thermodynamics at dimensionless temperature

T ¼ β̄−1 ≡ kBT=μeff , we build a grand canonical parti-
tion function Zðμ; A; TÞ ¼ Tr½e−β̄ Ĥþβ̄ N̂ �, factorizing the
exponential into Nτ slices with imaginary time discretiza-
tion Δτ ¼ β̄=Nτ. As in our previous work [34], we express
the partition function as a path integral over imaginary
time segments j ¼ 0; 1;…; Nτ − 1 using a basis of
dressed coherent states ϕ̃j;k ≡ ½ϕ̃þ; ϕ̃−�Tj;k ¼ Ukϕj;k,

ϕ̃†
j;k ≡ ½ϕ̃�þ; ϕ̃�

−�j;k ¼ U†
kϕ

†
j;k. This path integral uses an

exact treatment of the SOC kinetic propagator on a dressed
coherent state after a unitary transformation Uk from the
pseudospin basis. The dressed coherent states obey periodic
boundary conditions in imaginary time and correspond to
helicity states j�;ki with dispersion Dkð�Þ ¼ k2 � 2jkjκ̄.
An interacting field theory that is first-order accurate in

Δτ emerges from the path-integral procedure, consisting of
functional integrals over dressed coherent state fields
Z ¼ R

Dðϕ̃; ϕ̃†Þe−S½ϕ̃;ϕ̃†�, weighted by an action functional
S½ϕ̃; ϕ̃†�,

S½ϕ̃; ϕ̃†� ¼
X
α

X
j

X
k

ϕ̃�
α;j;k½ϕ̃α;j;k − e−ΔτDkðαÞϕ̃α;j−1;k�

þ β̄

2Nτ

X
α;γ

X
j

Z
d2r

Z
d2r0ϕ�

α;jðrÞ0ϕ�
γ;jðr0Þ0

× uðjr − r0jÞϕ0
γ;j−1ðr0Þϕ0

α;j−1ðrÞ; ð3Þ

where ϕ0
j;k ¼ U†

ke
−ΔτDkϕ̃j;k and ðϕ†Þ0j;k ¼ Uke−ΔτDkϕ̃†

j;k

denote coherent state field vectors in the pseudospin basis
after forward propagation in imaginary time by the SOC
kinetic propagator [34].
To investigate thermodynamic properties and phase

behavior of the dipolar, spin-orbit coupled boson ensemble,
we employ a field-theoretic simulation technique [35] that
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leverages a fictitious complex Langevin dynamics to
sample ϕ̃, ϕ̃† configurations according to the non-posi-
tive-definite distribution e−S. Details of the Langevin
algorithm and field-theoretic simulation convergence
parameters are discussed in End Matter. From the simu-
lation dynamics, unbiased thermal expectation values of
operators hÔi are recovered by sample-averaging corre-
sponding observable functionals O½ϕ;ϕ†� with respect to
the Langevin process.
Equilibrium phases are identified by examining snap-

shots of the pseudospin density profiles ρα½ϕ;ϕ�; r� ¼
1=Nτ

PNτ−1
j¼0 ϕ�

α;jðrÞ0ϕ0
α;j−1ðrÞ as well as expectation

values of the momentum distribution Ñ½ϕ;ϕ†;k� ¼
A=Nτ

P
α

PNτ−1
j¼0 ðϕ�

α;−kÞ0ϕ0
α;k. Additionally, the static den-

sity structure factor SαγðkÞ ¼ hρα;kργ;−ki − hρα;kihργ;−ki
enables investigation of density-density correlations, where
ρα;k is the spatial Fourier transform of ραðrÞ. Both the
momentum distribution and structure factor provide a
straightforward identification of Bose-condensed states
with M-fold rotational symmetry. Additionally, the super-
fluid stiffness tensor is estimated via a phase twist approach
[36,37],

ρμνSF ¼ δμνhNi=A − ðβ̄=AÞ½hPμPνi − hPμihPνi�; ð4Þ

where μ; ν∈ fx; yg and the total particle number hNi and
physical momentum vector hPi are computed using meth-
ods in Ref. [37].
Low-temperature phase behavior—Langevin simula-

tions find that the low-temperature phase behavior of the
strongly spin-orbit coupled, dipolar BEC system aligns
qualitatively with the mean-field results of Ref. [13]. Above
R�, BEC states with crystalline order appear with lower free
energy compared to the superfluid stripe phase. Figure 1
provides density profiles of each phase. With increasing
R at fixed temperature, ordered structures with square
[Fig. 1(b)], hexagonal symmetry [Fig. 1(c)], and octagonal
symmetry [Fig. 1(d)] are depicted, with their corresponding
structure factor patterns shown in the insets with a linear
scale. The static structure factor inset of Fig. 1(d) supplies a
key verification of the quasicrystal state—the simultaneous
presence of Bragg peaks as well as an eightfold rotational
symmetry that forbids periodic order. Additionally, each
momentum distribution consists ofM sharply peaked points
for theM-fold symmetric state, as shown in Fig. 1(f). These
structures thus represent highly fragmented BECs with

FIG. 1. Equilibrium phases in dipolar BECs with strong Rashba spin-orbit coupling κ̄ ¼ 16 with dominant dipolar interactions
R >

ffiffiffiffiffiffiffiffi
π=2

p
and with ḡ ¼ 0.01 and d̄z ¼ 1. Snapshots of the density profile ρ↑ðrÞ for atoms in the j↑i pseudospin state in the low-

temperature (a) stripe phase (R ¼ 1.24), (b) square crystalline phase (R ¼ 1.26), (c) hexagonal phase (R ¼ 1.267), (d) octagonal
quasicrystal phase (R ¼ 1.272), and (e) the high-temperature isotropic fluid phase (R ¼ 1.272). For each density pattern, the
corresponding static structure factor S↑↑ðkÞ is plotted on a linear intensity scale and shown in the inset, reflecting the rotational
symmetry of each structure. (f) Momentum distribution NðkÞ and (g) diagonal static density structure factor S↑↑ðkÞ of the octagonal
quasicrystal at T̄=κ̄2 ¼ 0.49 and R ¼ 1.272, depicting density correlations for atoms in the j↑i pseudospin state. The inset of (f) shows
an example Bose-condensed peak in the white pixel. Intensity is plotted on a logarithmic scale to reveal excitations around the Bose-
condensed and Bragg peaks in (f) and (g), respectively.
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density modulations that reflect the M-fold rotational
symmetry breaking of the ground state.
Langevin simulations reveal the consequential role of

fluctuations at low temperature. Figure 1(g) shows a rich
fluctuation spectrum in the j↑i diagonal structure factor,
with intensity plotted on a logarithmic scale. Overlapping
circles of intensity with radius κ̄ map out the spectrum of
low-energy excitations, which inherit the noninteracting
Rashba dispersion but are now centered about the con-
densed momenta km ¼ κ̄ðcos θm; sin θmÞ for an M-fold
symmetric structure, with θm ¼ 2πðm − 1Þ=M with
m ¼ 1; 2;…;M. This displaced ring dispersion is consis-
tent with the excitation spectrum derived from a
Bogoliubov expansion [33,38,39]. Ultimately, the density
profiles at low temperature are consistent with construc-
tive interference of the BEC wave functions at different
momenta, and the density correlations decay for wave
vectors jkj > 2κ̄. We observe qualitatively the same
results when comparing structure factor components
S↑↑ðkÞ, S↓↓ðkÞ, and the total density structure fac-
tor StotðkÞ ¼ hρkρ−ki − hρkihρ−ki.
In both the periodic and quasiperiodic states, complex

Langevin simulations reveal a significant reduction
in superfluidity down to low temperature, shown in
Fig. 2(b). Although the vertically oriented stripe phase
in Fig. 1(a) is highly anisotropic with ρxxSF=ρ → 1 and
ρyySF=ρ ≪ 1 at low temperature, the overall superfluid
fraction ρSF=ρ ¼ ðρxxSF þ ρyySFÞ=2ρ is consistent at approx-
imately 46% to 50% across all the Bose-condensed,
ordered mesophases and shows little R or system size
dependence. The significant reduction in superfluidity
down to low temperature is consistent with strong fluctua-
tions and the presence of low-energy excitations along
surfaces with momenta jk − kmj ¼ κ̄ about each of the
condensed peaks at km. Furthermore, the superfluid frac-
tion shows no statistically significant variation among the
different mesophases at fixed temperature, suggesting that
the phason excitations in the octagonal quasicrystal are
coherent and do not disrupt bulk superfluidity.
Thus, our simulations suggest that the phases in Fig. 1

garner supersolid character, defined by simultaneous super-
fluidity [Fig. 2(b)] and broken translational symmetry
(Fig. 1). Although SOC and dipolar interactions can
individually bring forth supersolid phases, the Rashba
SOC constrains the possible supersolid structures by
restricting allowed condensed wave vectors to jkj ¼ κ̄.
The dipolar interactions then promote structures with
further rotational symmetry breaking.
Phase transitions—To identify the globally stable mes-

ophase at finite temperature, the grand free energy Ω ¼
β−1 ln½Z� is computed directly for each phase of interest via
Ω ¼ −PA, with details in [33,40]. Figure 2(a) depicts the
grand free energies as a function of the dipolar parameter R
at fixed temperature. At low-temperature, mean-field theory
predicts phase boundaries between M and (M þ 2)-fold

symmetric structures when adding two condensed states
becomes energetically favorable, which occurs at

RM ¼ 1

ΔkMdzwðΔkMdz=
ffiffiffi
2

p Þ ; ð5Þ

with ΔkM ¼ κ sinðπ=MÞ. For the strong SOC considered
ðκ̄d̄z ¼ 16Þ, the relevant first-order phase transitions occur
near R ∼ 1.25–1.275; we omit the octagonal-dodecagonal
QC transition expected to occur at R ≈ 1.285 in this work
but emphasize that Eq. (5) provides a guide to study other
QC phases with M > 8. 164Dy quantum gases naturally
achieve R > 1.38 and would exhibit the mesophases
depicted in Fig. 1 near κ̄d̄z ∼ 4. The End Matter provides
details of a possible realization of this model in 164Dy with a
hex-QC transition temperature near 75 nK.
The value of R where the (grand) free energies intersect

determines the phase boundary between two competing
phases, depicting a first-order transition with a jump in
orientational order. Figure 2(a) provides evidence of the
first-order character of these transitions, namely (1) a
discontinuous first derivative of the free energy at each
phase boundary, and (2) discontinuous orientational order
across each phase boundary.
Figure 3 shows a phase diagram in the T̄-R plane,

characterizing the equilibrium behavior of two-dimensional

FIG. 2. Phase transitions: First-order phase boundaries are
determined by the grand free energy, while thermal phase
transitions are marked by the decay of the superfluid density
with increasing temperature. (a) Grand free energy of the stripe
(red circles), square-packed BEC (blue diamonds), hexagonal-
packed BEC (black squares), and octagonal quasicrystal BEC
(green triangles) with varying R at fixed temperature. (b) Super-
fluid fraction for each low-temperature mesophase. (c) x̂
component of the superfluid stiffness for the stripe phase at
R ¼ 1.25, and (d) overall superfluid fraction of the hexagonal
phase at R ¼ 1.272 for differing system sizes denoted by the
number of periods n ¼ κ̄ L̄ =2π.
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BECs with strong Rashba spin-orbit coupling in the
dominant dipolar interaction limit R > R�. Notably, the
octagonal QC phase is globally stable for a limited range of
temperatures until undergoing a first-order transition
into the hexagonal BEC, depicted by free energy data in
Fig. 2(a). Field-theoretic simulations show no evidence of a
second-order, critical transition between the hexagonal and
octagonal BECs; the octagonal BEC retains metastability at
increasing temperature until undergoing the critical, second-
order phase transition into the isotropic at T̄=κ̄2 ∼ 3.
Supplemental Material [33] probes the hexagonal-octagonal
phase boundary at low temperature (T̄=κ̄2 ¼ 0.49) with two
methods: (1) the converged Langevin method ðΔτ ≪ 1Þ,
and (2) the classical field approximation (Nτ ¼ 1, with
Langevin noise). The classical field method captures pre-
dominantly thermal fluctuations and erroneously predicts
global stability for the hexagonal phase at R ≥ 1.27,
supporting the phase diagram’s conclusion that thermal
fluctuations destabilize the octagonal QC phase relative to
the hexagonal phase.
Raising the temperature ultimately induces melting of the

superfluid phases at a critical temperature T̄c. This transition
into the isotropic state is second-order, characterized by a
diverging correlation length as T̄ → T̄c. As such, finite-size
analysis of the superfluid fraction in [33] enables estimation
of a precise critical temperature, assuming a Kosterlitz-
Thouless-like transition with a universal jump relation
modified by the strong SOC [41]. Figures 2(c) and 2(d)
show superfluid density data for both the stripe and
hexagonal phases at various system sizes, denoted with
number of periods n. The superfluid fraction experiences a
sharper decline with greater finite-size variations in the
hexagonal phase compared to the more fluidlike stripe
phase. An analysis of the complex interplay of defects in
pseudospin, superfluid phase, and density is deferred to
future work, along with a search for a possible hexatic
intermediate [42] between the hexagonal BEC and the
normal fluid isotropic.
Above T̄c and at R⪆R�, the isotropic phase resembles an

amorphous droplet fluid with short-ranged positional and
orientational order. The corresponding density structure
factor in the inset of Fig. 1(e) reveals a broad distribution
of droplet sizes due to the dipolar interaction and consid-
erable thermal fluctuations. Although not shown in Fig. 3,
the amorphous fluid would eventually cross over into a
homogeneous, classical gas at large T̄ ≫ T̄c, similar to
previous studies on Rashba spin-orbit coupled bosons with
short-ranged interactions [36,37]. In the short-ranged inter-
action regime R ≪ R�, a pseudospin microemulsion
depicted in [36] appears, resembling bicontinuous micro-
emulsions found in classical soft matter systems [43].
Conclusion—We have unveiled the fate of a quantum

quasicrystal phase with supersolid character found in
dipolar Bose gases with strong Rashba SOC. Although
the QC phase is globally stable at the lowest temperatures,

thermal fluctuations produce a first-order transition into the
hexagonal BEC state at a temperature lower than the
superfluid-normal fluid transition. Furthermore, our simu-
lations reveal a suppression in the superfluid fraction for all
crystalline and quasicrystalline BEC states as well as robust
low-energy excitations in the static structure factor. These
observations highlight the prominent role of fluctuations
characteristic of the Rashba Hamiltonian combined with
dipolar interactions, which yield a rich spectrum of
collective modes that inherit the Rashba dispersion.
Above the superfluid transition temperature, an isotropic
microemulsion analog appears with normal fluid droplets
of distinct pseudospin.
Complementing the analysis in [13], our phase diagram

suggests that an experimental realization of the self-
assembled quasicrystal phase could be achievable in dys-
prosium BECs. Moreover, it may be possible to realize a
quantum quasicrystal by an inherently nonequilibrium
route, such as a rapid temperature quench. For instance,
a stochastic Gross Pitaevski simulation report on spin-orbit
coupled S ¼ 1 BECs suggests that square-packed skyrmion
states are achievable via a rapid temperature quench [44]. A
similar approach was employed in classical block copoly-
mer experiments, which observed quasicrystalline phases
confirmed in x-ray scattering characterization experiments
[6,45]. Lastly, a characterization of the phason excitations in
the QC phase found in Rashba spin-orbit coupled, dipolar
BECs is still needed. Such a comparison may involve

FIG. 3. Finite-temperature phase diagram in the T̄-R plane for
strongly spin-orbit coupled (κ̄d̄z ¼ 16) dipolar bosons in two
dimensions, with bare interaction strength ḡ ¼ 0.01. “SQ”
denotes the square-packed crystalline phase with fourfold sym-
metry, while “Oct. QC” denotes an octagonal quantum quasi-
crystal phase. Phase boundaries are determined using the free
energy and superfluid fraction, with finite-size analysis and
discussion of error bars detailed in Supplemental Material
[33]. Dashed lines denote an anticipated phase boundary where
better statistics are required for accurate determination.
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comparing the real-time Green’s function or dynamical
structure factor of each low-temperature crystalline phase,
requiring a nonequilibrium formalism.
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End Matter

Field-theoretic simulation details—Our simulation
technique consists of sampling the coherent state field
theory numerically by evolving the complex Langevin
process forward in fictitious Langevin time t [34,36],

∂

∂t
ϕ̃α;jðr; tÞ ¼ −

δS½ϕ̃; ϕ̃��
δϕ̃�

α;jðr; tÞ
þ ηα;jðr; tÞ;

∂

∂t
ϕ̃�
α;jðr; tÞ ¼ −

δS½ϕ̃; ϕ̃��
δϕ̃α;jðr; tÞ

þ η�α;jðr; tÞ; ðA1Þ

where Gaussian white noises are constructed from real

noise fields ηðaÞα;jðrÞ and ηðbÞα;jðrÞ such that ηα;j ¼
ηðaÞα;j þ iηðbÞα;j and η�α;j ¼ ηðaÞα;j − iηðbÞα;j , where hηðaÞα;jðr; tÞi ¼ 0

and hηðaÞα;jðr; tÞηða
0Þ

γ;j0 ðr0; t0Þi ¼ δa;a0δα;γδj;j0δðr − r0Þδðt − t0Þ.
The functional derivatives in Eq. (A1) refer to first
variations of the action functional detailed in Eq. (3). To
integrate the equations (A1) forward in time, an
exponential-time-differencing algorithm with Langevin
time discretization Δt propagates the SOC forces exactly
to all orders in Δt. Additionally, the interaction terms are
treated by a second-order-accurate Runge Kutta scheme
[35] that requires Δt < 0.01 for accurate results in this
model. The pseudospectral method uses plane-wave
collocation and periodic boundary conditions in both
spatial and imaginary time domains, where the fields live
on a computational lattice ðNx; Ny; NτÞ and spatial
domain rν ∈ ½0; Lν� for directions ν ¼ x, y. Such an
approach is computationally exact when (Nx, Ny, Lx, Ly,
Nτ) are chosen to be large enough and Δt small enough
to drive down discretization errors and converge
thermodynamic properties. Stationary solutions of
Eq. (A1) implicitly sample the stationary distribution
governing the finite-temperature theory, which permit the

calculation of expectation values via long-time sample
averaging [47,48].
This approach accesses a periodic approximant of the

quasicrystal phase, requiring large simulation cells to
prevent simulation artifacts from the periodic boundary
conditions [49,50]. To find the system size required to
access the QC phase for a particular SOC strength κ, we
parametrize the simulation cell length L̄νðnÞ ¼ nλ̄SOC by
the number n of SOC length scales λ̄SOC ≡ λSOC=l ¼ 2π=κ̄.
For a square cell, increasing n will increase the system size
(area) quadratically via A ¼ l2ð2πn=κ̄Þ2. Correspondingly,
increasing n at fixed κ̄ leads to a finer momentum space
resolution Δk̄ν ¼ 2π=L̄ν ¼ κ̄=n. We determined that the
octagonal QC phase is accessible by choosing a square grid
L̄ ¼ L̄x ¼ L̄y and setting n > 110 for κ̄ ¼ 16 or equiv-
alently Δk̄ν < 0.13. Supplemental Material [33] demon-
strates the system-size independence of the free energy
estimates for these large simulations cells (n ≥ 120).
Accurate estimates of thermodynamic properties requires

a sufficient wave vector cutoff kmax ≡ Nxπ=L̄ > 3κ̄, or
equivalently a fine spatial resolution Nx ¼ Ny ≥ 6n. This
resolution requirement corresponds to a dimensionless grid
spacing of Δx̄ ¼ Δȳ ¼ L̄=Nx < πk−1max. Therefore, as we
increase system size by varying n, we compensate by
increasing the number of spatial grid points Nx and Ny

to satisfy the resolution requirement. In the imaginary time
coordinate, we find convergence when choosing Nτ such
that Δτ < 0.005 from our previous benchmarking in [34].
Omitting noise from scheme (A1) will drive field

configurations to a mean-field saddle point solution.
Before conducting a Langevin simulation, defect-free
structures are found by a mean-field analysis: using a
variational ansatz for a BEC with M-fold symmetry
(detailed in [33]), scheme (A1) is evolved without noise
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until the action variations vanish within a tolerance. After
obtaining a defect-free configuration, a simulation box
scaling optimization is performed until thermodynamically
consistent free energy estimates are achieved, with an
example shown in [33]. Then, the corresponding saddle
point configuration at the optimal simulation cell condition
initializes the stochastic Langevin trajectories to study the
finite-temperature structure and thermodynamics of dipolar
Rashba Bose gases.

Realization in dysprosium gases—Here, we discuss a
possible realization of the octagonal quasicrystal in
164Dy quantum gas experiments [51–54], which naturally
achieve a dipolar dominant regime: R∈ ½1.38; 1.88Þ [32].
The precise dipolar parameter value depends on the s-
wave scattering length as, ranging from 92a0 (R ∼ 1.38)
[55] to 69a0 (R ∼ 1.48) [56] with Bohr radius a0, where
R > 1.48 requires decreasing as via Feshbach resonance

techniques [57]. Strong SOC can be achieved by using a
626 nm laser to drive Raman transitions between large
hyperfine spin states mF ¼ 7, 8 with κ ¼ ffiffiffi

2
p

π=λlaser.
One possible experiment would access different regions

of the phase diagram in Fig. 3 by modulating the axial
length scale d̄z by changing the axial trap frequency ωz.
Fixing R ¼ 1.38, changing dz will shift RM in Eq. (5), such
that each phase may be accessed. For example, an axial trap
frequency of ωz ∼ 150 Hz × 2π corresponds to κ̄d̄z ∼ 4 and
would support observing the octagonal QC at R ∼ 1.38.
Such an experiment would observe the hexagonal and
square BEC phases by increasing the axial trap frequency
by a factor of 2 and 4, respectively. For a system with 105

atoms (μeff=h ¼ 0.5 kHz), we estimate from Fig. 3 that the
hexagonal-octagonal transition at R ∼ 1.4 would occur at
Tc1 ∼ 75 nK, while the hexagonal-to-isotropic transition
would occur near Tc2 ∼ 210 nK.
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